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Chapter 1 — Exponents and logarithms

Conversion between exponents and logarithms

The conversion between exponents and logarithms is defined below:

Fora > 0,a* = b < x = log,b.

When a = 10, we express the operator log,, as log and this can be found on the GDC.
e is a special constant with numerical value 2.71828...and can be found on the GDC.
When a = e, we can express the operator log, as In and this can be found on the GDC
also.

Example: by using the above notation, we have the following equivalent equations:

43 = 64 < 3 = log,64

104 = 10000 < 4 = log 10000

e? =7.39 (3sf) & 2 =1In7.39

Laws of exponents

The following table lists the laws of exponents (m and n are real numbers while a and b
are non-zero real numbers unless specified otherwise.)

Laws Examples
amgh = gmn (34)(32) — 34+2 — 36
g_r::amfn 3_222773:24
(@™" = am (53)4 — 534 _ gl2

a% = ¢a" = (ya)", n#0 16% = (V16 )’ = 4% = 64, 27% = (§27)" = 35 = 243
(ab)" = a"b" (2x)" = 277 = 128x7
a\"_ a" kY _ oKk
() - F (5) - % - %

on_ 1 —ZZL_L
a = > 52 25
a)"_(bY)" IV _(9Y _ 9

(b) —(a (9) _(7 VE
a%=1,a=#0 68° =1
0"=0,n>0 0%% =0
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There are two points to note here:

() 0 to the power of a negative number does not work because, for instance,

0—5: l_l

0> O

= = and we cannot divide any number by O.

(i) A negative number to an even power will get a positive answer, but a negative

number to an odd power will get a negative answer. There is another way to

remember this:

{ even power of a non-zero number is always positive

odd power of a non-zero number is always the same sign as before

Laws of logarithms

Laws

Examples

log,x + log,y = log,xy

log,2 + log,5 = log,(2(5)) = log,10

log,x — log,y = Iogb<§>

loggl3 — logg4 = Iogs<17?>

log, (xP) = plog,x

log,,(6°) = 5log,,6

log,a =1 logs5 =1
log,1 =0 log;,1 =0
aX = exlna 97 = e?ln9
log,a* = x = a'0% log,68 = 8 = 6998
_ log.a _ log;11
log,a = log b log,11 = g, 4

The last one is called the change of base formula.

To input a logarithmic function into the GDC, we use the change of base formula to

convert the base of the logarithmic function to either 10 or e so that we can use log or

log,pa  loga
log, b~ logb

_ log.a _ Ina
and log,a = log.o ~ Tnb"

Note that log,x is undefined if x < 0. So log,(0), log,(-3) and In(-2.5) are undefined.
We'll investigate more in chapter 8.

In in the GDC. Therefore, we have log,a =

8 TS
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Example: for log,72, we can express it in terms of log,2 as follows:

log,72

= log,(23 x 32)

= log,2® + log,32

= 3log,2 + 2log,3

= 3log;2 +2(1)

= 3log;2 + 2

Example: to find the solution of the equation 7* = 19 to 3 significant figures, we need
to make use of the change of base formula and the GDC:

77 =19

log19

= X = log,19 = log 7

— 1.51 (3sf)

Worked examples

Example question 1.1: (HL/SL Paper 1 Section A)

Find the lowest common multiple of 30x2y3z° and 36x3yz*.

Solution:

Since we can express 30 as 2(3)(5) and 36 as 2232, the lowest common multiple of
30x%y3z°and 36x3yz* is 22325x3y3z° = 180x3y3z°.

Example question 1.2: (HL/SL Paper 1 Section A)
Solve log, ((x - 3)%) = 4 for x.

Solution:

logs(x — 3)? = 4
= (x-3)* =34
= (x—-3)2 =181
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Example question 1.3: (HL/SL Paper 2 Section A)
3 2
-5 (14\( 12\ _ 45
Solve (7x)™ 2 ( 3 )(XZ ) 45>,

Solution:
3 2
Moz (4)(42) = axs
2(

- 1%( 37))(1;14):;_5

|eo

72X
1
zz—‘l"=X7
772
- -

Example question 1.4: (HL/SL Paper 2 Section A)
Solve log,13 +2 = In17.
Solution:
log,13+2 = Inl7
= log,13 = In17 -2
log13

=1Inl7-2
log x
log13
= logx = 7775

( log13 )
= x = 10\ "2 ) = 21,7 (3sf)

Exercises

Exercise 1.1 (HL/SL Paper 1 Section A)
_L _1
Simplify (%xz) 2 (—3> and give the answer in terms of a positive power of x.

1

(27%) 3

Answer: —2—12

2X 3

10 D T N



Exercise 1.2 (HL/SL Paper 1 Section A)
Express Iogz(%) in terms of k where k = log,,5.

Answer: 2k -4

Exercise 1.3 (HL/SL Paper 2 Section A)

Find the highest common factor of 56875a?b°c’ and 44200a%b*c3.

Answer: 325a2b%c?

Exercise 1.4 (HL/SL Paper 2 Section A)
Solve 2(13%) = (5e)7*. Give the answer to 3 significant figures.
Answer: -0.134
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